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ABSTRACT. We prove that for a weakly exact magnetic system on a closed connected Riemannian 
manifold, almost all energy levels contain a closed orbit. More precisely, we prove the following 
stronger statements. Let (M, g) denote a closed connected Riemannian manifold and a £ fl 2 (M) 
a weakly exact 2-form. Let <p t : TM — > TM denote the magnetic flow determined by a, and let 
c(g, <r) € lU {00} denote the Mane critical value of the pair (g,cr). We prove that if k > c(g, a), 
then for every non-trivial free homotopy class of loops on M there exists a closed orbit of 4> t 
with energy k whose projection to M belongs to that free homotopy class. We also prove that for 
almost all k < c(g, a) there exists a closed orbit of <pt with energy k whose projection to M is 
contractible. In particular, when c(g, a) = 00 this implies that almost every energy level has a 
contractible closed orbit. As a corollary we deduce that a weakly exact magnetic flow with [a] 7^ 
on a manifold with amenable fundamental group (which implies c(g, a) — 00) has contractible 
closed orbits on almost every energy level. 



1. Introduction 

Let (M, g) denote a closed connected Riemannian manifold, with tangent bundle 7r : TM — > 
M and universal cover M. We will assume M is not simply connected, as otherwise M = M 
and all results proved in this paper reduce to special cases of the results in [5 J. Let a G Vt 2 {M) 
denote a closed 2-form, and let a G Vt 2 {M) denote its pullback to the universal cover. In this 
paper we consider the case where a is weakly exact, that is, when a is exact (this is equivalent 
to requiring that cr\ n2 (M) — 0), however we do not assume that a necessarily admits a bounded 
primitive. 

Let uj g denote the standard symplectic form on TM obtained by pulling back the canonical 
symplectic form dq A dp on T*M via the Riemannian metric. Let uj := u g + n*a denote the 
twisted symplectic form determined by the pair (g,o~). Let E : TM — > K denote the energy 
Hamiltonian E(q, v ) = | \v\ 2 . Let <p t : TM TM denote the flow of the symplectic gradient 
of E with respect to to; 4> t is known as a twisted geodesic flow or a magnetic flow. The reason for 
the latter terminology is that this flow can be thought of as modeling the motion of a particle of 
unit mass and unit charge under the effect of a magnetic field represented by the 2-form a. Given 
k e R + := {t G R : t > 0}, let S fc := E~ 1 (k) C TM. 

There exists a number c = c(g, a) G R U {00} called the Mane critical value (see lTi"4l 161171131 
or Section [2] below for the precise definition) such that the dynamics of the hypersurface S fc dif- 
fers dramatically depending on whether k < c, k = c or k > c. Moreover c < 00 if and only if 
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cr admits a bounded primitive. 

In this paper we study the old problem of the existence of closed orbits on prescribed energy 
levels. In the case when a is exact, this problem has been essentially solved by Contreras in 
J3; see Theorem D in particular, which gives contractible closed orbits in almost every energy 
level below the Mane critical value, and closed orbits in every free homotopy class for any 
energy level above the critical value. In the case of surfaces a stronger result is known to hold: 
Contreras, Macarini and Paternain have proved in O Theorem 1.1] that in this case every energy 
level admits a closed orbit. However the case of a magnetic monopole (i.e. when a is not 
exact) remains open, although much progress has been made. Let us describe now some of these 
results. A more comprehensive survey can be found in the introduction to 0; see also ifTOI for a 
introductory account of the problem. 

It was proved by Macarini |[T5l . extending an earlier result of Polterovich lfT9l . that if [a] ^ 
there exist non trivial contractible closed orbits of the magnetic flow in a sequence of arbitrarily 
small energy levels. Kerman lfT2l proved the same result for magnetic fields given by symplectic 
forms. This was then recently sharped by Ginzburg and Giirel [fTTTl and finally by Usher ETTl . 
where it is proved that when a is symplectic contractible closed orbits exist for all low energy 
levels. See also Lu lfl3l for another interesting approach to the problem in the case of a sym- 
plectic. Perhaps the most general result so far is due to Schlenk ll20ll where it is shown that for 
any closed 2-form (not necessarily weakly exact), almost every sufficiently small energy level 
contains a contractible closed orbit. 

The aim of this paper is to extend Theorem D of [5] to the weakly exact case. More precisely, 
we prove the following. 

1.1. Theorem. Let(M,g) denote a closed connected Riemannian manifold, andleta e Q 2 (M) 
denote a closed 2-form whose pullback to the universal cover M is exact. Let c = c(g, cr) G 
R U {oo} denote the Mane critical value, and let t denote the magnetic flow defined by a. Then: 

(1) If c < oo then for all k > c and for each non-trivial homotopy class v e [T, M\, there 
exists a closed orbit of4>t with energy k such that the projection to M of that orbit belongs 
to v. 

(2) For almost all k 6 (0, c), where possibly c = oo, there exists a contractible closed orbit 
of 4>t with energy k. 

The first statement of Theorem ll.ll has. under a mild technical assumption on zi(M), previ- 
ously been proved by Paternain lfl8l . We use a completely different method of proof however, 
which bypasses the need for this additional assumption. For c(g, o) < oo, the second state- 
ment of Theorem II .11 is due to Osuna ifPTll . It should be emphasized that we believe the main 
contribution of the present paper is the case c(g, o) = oo in the second statement. 

Remark. We will actually prove a slightly stronger statement than the one stated above; see 
Proposition [52] below for details. 

When tti(M) is amenable and a is not exact, we always have c(g, a) = oo (see for instance 
lfT8l Corollary 5.4]). Thus we have the following immediate corollary. 
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1.2. COROLLARY. Let (M,g) denote a closed connected Riemannian manifold, and let o G 
Q 2 (M) denote a closed non-exact 2-form whose pullback to the universal cover M is exact. 
Suppose vri(M) is amenable. Then almost every energy level contains a contractible closed 
orbit of the magnetic flow defined by a. 

Let us now give a brief outline of our method of attack. Fix a primitive 6 of a, and consider 
the Lagrangian L : TM — > R defined by 

1 2 

L(q,v) := -\v\ -B q (v). 

The Euler-Lagrange flow of L is precisely the lifted flow <p t '■ TM — > TM of the magnetic flow 
4>t : TM — > TM (see for example [7]). Recall that the action A(y) of the Lagrangian L over an 
absolutely continuous curve y : [0, T] — > M is given by 

A{y):= [ L{y{t),y{t))dt. 
Jo 

= \\m\ 2 dt - J e. 

Set t 

A k (y):= [ {L(y(t),y{t))+k}dt = A(y) + kT. 
Jo 

A closed orbit of (fi t with energy k can be realized as a critical point of the functional y h- >■ Afc(y). 
More precisely, let A A ~ 7 denote the Hilbert manifold of absolutely continuous curves x : T — ► M 
and consider «5 fc : x R + — > R defined by 

S k (x,T):= I T ■ L(x(t),x(t)/T)dt + kT 
Jo 

^\±(t)\ 2 dt + kT- J J. 

Then the pair (x, T) is a critical point Sj. if and only if y(t) := x{t/T) is the projection to M of 
a closed orbit of <j) t with energy k (see (HI). 

If a was actually exact then we could define L on TM, instead of just on TM. In this case it 
has been shown in [8] that for k > c(g, a), Sk satisfies the Palais-Smale condition and is bounded 
below. Standard results from Morse theory [[HI Corollary 23] then tell us that Sk admits a global 
minimum, and this gives us our desired closed orbit. In [5] this was extended to give contractible 
orbits on almost every energy level below the critical value. Crucially however these results use 
compactness of M, and hence are not applicable directly in the weakly exact case, since then L 
is defined only on TM. 

In the weakly exact case, whilst S k is not well defined on TM, its differential is. This leads to 
the key observation of the present work that we can still work directly on A M . More precisely, 
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we define a functional Sk ■ A M x R + — ► K withQ the property that (x, T) is a critical point of Sk 
if and only if a lift y to M of the curve := x(t/T) is the projection to M of a flow line of <fi t 
with energy k. The functional 5fe is given by 

S k (x,T):= f -L\x( t )\ 2 dt + kT- [ a, 

JO 11 JC(x) 

where C(x) is any cylinder with boundary x(T) U x v (T), where x v E A A/ is some fixed refer- 
ence loop in the free homotopy class v E [T, M] that x belongs to. If c(g, a) < oo, then since 
cr is weakly exact, the value f c , x \ cr is independent of the choice of cylinder C(x) for any curve 
x E Ajvf. In the case c(g, a) = oo, the value f c , x \ cr is independent of the choice of cylinder only 
when x is a contractible loop. 

The functional Sk allows one to extend other results previously known only for the exact case 
to the weakly exact case. For instance, in lfT6l we will use Sk to establish the short exact sequence 
|31 12) between the Rabinowitz Floer homology of a weakly exact twisted cotangent bundle and 
the singular (co)homology of the free loop space. 



Acknowledgment. I would like to thank my Ph.D. adviser Gabriel P. Paternain for many helpful 
discussions. 

2. Preliminaries 

The setup. 

It will be convenient to view M and M as being embedded isometrically in some IR d (possible 
by Nash's theorem). We will be interested in various spaces of absolutely continuous curves. 

Firstly, given q , q x E M and T > 0, let C^(q Q , q\\ T) denote the set of absolutely continuous 
curves y : [0, T] — > M with y(0) = q and y(T) = q%. Let 

CTMo,Qi) ■= U*,?i;T). 

T>0 

We can repeat the construction on M to obtain for q , q x E M sets C^?(g , ?i; T) and C^(q , qi) 

of curves on M. 

Next, consider the space 

W 1,2 (R d ) := |x : I -> M m absolutely continuous : jT |x(t)| 2 rft < oo J , 

and 

iy 1,2 (M) := {x E W x ' 2 (R d ) : C M) . 

with W 1,2 (M) defined similarly. Here / := [0, 1], a convention we shall follow throughout the 
paper. 

If a does not admit any bounded primitives Sk is only defined on Ao x K + , where Ao C Am is the subset of 
contractible loops. 
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Let A K d C W 1 ' 2 (R d ) denote the set of closed loops of class W 1 * 2 on R d , and let A M : = 
W^ 2 {M) n A Rd . We will think of maps x G A M as maps x : T -> M (here T = R/Z, which we 
shall often identify with S* 1 ). Given a free homotopy class z/ G [T, M], let Aj, C Am denote the 
connected component of Am consisting of the loops belonging to v. 

The tangent space to A R d at x G A R d is given by 

r x A Rd = g w 1 ' 2 ^) : e(o) = e(i)}- 

Given (x, T) G A M x IR + we thus have 

T (XiT) (A M x K+) = {(£, V) G WA 2 (R d ) x R : £(0) = f (1)} . 
Let (■, •) denote the standard Euclidean metric. The metric on W 1,2 (R d ) we will work with is 

(e,c)i l2 := (£(o),c(o)> + J (m, m) 

This defines a metric which we shall denote simply by (•, •) on W 1,2 (R d ) x R + by 
(2-1) ((£,^),(C,X)):=&C>1, 2 + V>X- 

Mane's critical value. 

We now recall the definition of c(g, a), the critical value introduced by Mane in |fl"4l|. which 
plays a decisive role in all that follows. 

Let us fix a primitive 9 of a. Given k G R + , we define A k as follows. Let q , q 1 G M. Define 

A k : C^(q , qi ) ^R by 

MV) ■= [ ^\m\ 2 + kT - Jo. 

We define Mane's action potential m k : Mx M^lU{- oo} by 

m&(g , qi) := jnf inf 

T>0yeC^(g ,<?i;T) 

Then we have the following result; for a proof see for instance [7, Proposition 2-1.1] for the first 
five statements, and [3 , Appendix A] for a proof of the last statement. 

2.1. Lemma. Properties of m k : 

(1) Ifk < k' then m k (q , q x ) < m k ,(q 0j qj for all q , q 1 G M. 

(2) For all k G M and all qo,q%,q2 G M we have 

m k (q ,q 2 ) < m k (q ,qi) + m k {q x ,q 2 ). 

(3) Fix k G R TTzen either m k (q ,qi) = — oo for all qo,q± G M, or m k (qo,qi) G R for all 
go, <Zi G M and m k (q, q) = Ofor all q G M. 

(4) // 

c(g,a) := inf |& G R : m k (q ,qi) G Rfor all q ,qi G M j 
f/zen m c (g^a) is finite everywhere. 
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(5) We can alternatively define c(g, a) as follows: 

1 2 

(2.2) c (g,a)= inf sup - \d q u + 9 q \ . 

We call the number c(g, a) the Mane critical value. Using (12.21) it is clear that c(g, a) < oo if 
and only if 9 is bounded, that is if 

(2.3) 11011^, := sup \9 q \ < oo. 
The functional S k . 

We will now define a second functional Sk, which will be the main object of study of the 
present work. In the case c(g, a) < oo, Sk is defined on A M x IR + . For c(g, a) = oo, Sk is only 
defined on A x M + . The following lemma is the key observation required to define Sk- In the 
statement, T 2 denotes the 2-torus. 

2.2. Lemma. Suppose c(g, a) < oo. Then for any smooth map f : T 2 — > M, f*a is exact. 

Proof. Consider G := f*(ni(T 2 )) < tti(M). Then G is amenable, since 7i"i(T 2 ) = Z 2 , which is 
amenable. Then lfT8l Lemma 5.3] tells us that since H^H^ < oo we can replace 9 by a C7-invariant 
primitive 9' of a, which descends to define a primitive 9" E fi^T 2 ) of f*o. □ 

For each free homotopy class v E [T, M], pick a reference loop x u E A„. Given any x E A u , 
let C(x) denote a cylinder with boundary x(T) U £^(1). 
Define S k : A u x M+ ->• R by 

S k (x,T):= [ -L\±{t)\ 2 dt + kT- [ a, 

JO A1 JC(x) 

This is well defined because the value of f c , x \ & is independent of the choice of cylinder: if 

C'(x) is another cylinder with boundary x(Y) U x v (Y) then T 2 (x) := C(x) U C'(x) is a torus 
(where C'(x) denotes the cylinder C'(x) taken with the opposite orientation), and J T2 ^ cr = 
as a It 2 ^) is exact by the previous lemma. 

If c(g, cr) = oo then we cannot define Sk on all of Am x IR + , since in this case Lemma [2~2l 
fails. It is however well defined on A x R + . In order to see why, let us consider the case of 
contractible loops when c(g, a) < oo again. If x : T — > M is contractible and x : D 2 — > M 
denotes a capping disc, so that x\ dD 2 = x, then it is easy to see that 

(2.4) / a= f x*a; 

JC(x) Jd 2 

note that the right-hand side is (as it should be) independent of the choice of capping disc x, and 
depends only on x and a, since c^m) = 0. Moreover the right-hand side is well defined and 
depends only on x and a even when c(g, o) = oo. Thus it makes sense to define Sk\A oX m+ by 

S k (x,T) = I ^=\x(t)\ 2 dt + kT - I x*a; 
Jo Z1 Jd 2 
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this is consistent with the previous definition of Sfc|A xR+ when c(g, a) < oo. 

Next we will explicitly calculate the derivative of S k . Let (x s , T s ) be a variation of (x, T), with 
f (£) : = 9-\ s=oXs (t) and ip := ^| S=0 T S . Write E q and E v for §| and |f respectively. Then an 
easy calculation in local coordinates show that the first variation (i.e. the Gateaux derivative) of 
S k at that is, ^\ s=Q S k (x s ,T s ) is given by: 

^\ s=Q S k (x s ,T s ) = ij, J {k-E(x(t),x(t)/T)}dt + J a x{t) (£{t),x{t))dt 

(2.5) + J {T • E q (x(t),x(t)/T) ■ ^(t) + E v (x(t),x(t)/T) ■ £(*)} dt. 

We claim now that S k is differentiable with respect to the canonical Hilbert manifold structure of 
A u x M + (i.e. Sk is Frechet differentiable). In fact, S k is of class C 2 . For this we quote the fact 
that 

r 1 1 

(x,T)^ —\ x (t)\ 2 dt + kT 

is of class C 2 (see for instance [[U) and thus is remains to check that x i— > J c ^ o~ is differentiable. 
This can be checked directly. It thus follows that the first variation -^\ s=Q Sk(x s , T s ) is actually 
equal to the (Frechet) derivative d( Xi T)Sk(£, ip). 

Finally let us note that 

(2.6) ^S k {x, T) = 1 J\k - 2E{y, y)}dt, 

where y(t) := x{t/T). 

Relating S k and A k . 

Next, if (x, T) is a critical point of S k then y(t) := x(t/T) satisfies 

^ ^E g {y,y)-j t E v {y,y)^(dt-^^ a y {(,y)dt = 0, 

where ((t) = £(t/T). Since this holds for all variations £, this implies that if y : [0, T) — > M is 
a lift of y then y satisfies the Euler-Lagrange equations for L, that is, 

L q (y,y) - ^_L v (y,y) = 0. 

Thus y is the lift to M of the projection to M of an orbit of 4> t , and we have the following result. 

2.3. Corollary. Let x e A M and x denote a lift of x to M. Let T e R + . Define y(t) :— 
x(t/T). Then the following are equivalent: 

(1) The pair (x, T) is a critical point of S k , 

(2) y is a critical point of A k . 
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Thus the pair (x,T) G Am X R + is a critical point of S k if and only if t t— > x(t/T) is the 
projection to M of a closed orbit of fa. 

In order to specify the lifts we work with, let us fix a lift x u : I — > M of x u for each v G [T, M] . 
We remark here that throughout the paper given any two paths y, y' such that the end point of y 
is the start point of y', the path y * y' is the path obtained by first going along y and then going 
along y'. Similarly the path y^ 1 is the path obtained by going along y backwards. 

Suppose now that c(g, a) < oo. Fix a free homotopy class v G [T, M] (which could be the 
trivial free homotopy class). Let x G A„, and let x s denote a free homotopy from Xq — X 
to xi = x v . Let z(s) := x s (0). Let 5 S denote the unique homotopy of curves on M that 
projects down onto x s and satisfies with xi(t) = x v (t). Let x(i) := Xo(t), zq(s) := £ s (0) and 
2i(s) := x s (l). 

Now observe that if i? C M denotes the rectangle i? = im x s then we have 



a = a= d6= d= 9. 

C(x) JR JR JdR Jxxz!*!:- 1 *^ 1 

Let (f G 7Ti(M) denotes the unique covering transformation taking zq to Si. Since (if) < m(M) 
is an amenable subgroup, [TS] Lemma 5.3] allows us to assume that without loss of generality, 8 
is (^-invariant. Thus 

I e + f e = o. 

It thus follows that 



C(x) 



a= 8+ 8 



-i 



Set 



We conclude: 



8. 



a = I 8 + a p 

C(x) 



This computation shows if c(g, a) < oo then for any (x, T) G A u x ]R + , if x is any lift of x and 
?/(£) := x(t/T) then we have 

(2.7) S k (x,T)=A k (y)+a v . 

For the case i/ = G [T, M] the trivial free homotopy class, we may choose above the curve xq 
to be a constant map, from which it is easy to see that a = 0. In particular, if (x, T) £ A x IR + 
and y is defined as before then 

(2.8) S k (x,T)=A k (y). 

Finally, if c(g, a) = oo, Sk is only defined on A x ]R + , and it is clear that (12.81) still holds. 
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3. The Palais-Smale condition 
Let (j\4, (-,-)) be a Riemannian Hilbert manifold, and let S : M. — > R be of class C 1 . 

3.1. Definition. Wfe say ?na? S satisfies the Palais-Smale condition if every sequence (x n ) C 
such that \\d Xn S\\ — >■ as n — > oo an J sup n S(x n ) < oo admits a convergent subsequence. We 
say that S satisfies the Palais-Smale condition at the level /i G K. if every sequence (x n ) C 
wzY/z ||rfx n , S'll — >■ as n — > oo an J S(x n ) — > /i admits a convergent subsequence. 

In this section we will prove the following result about when the functional S& satisfies the 
Palais-Smale condition. This result is adapted from Proposition 3.8, Proposition 3.12] We 
will first consider only the case where c(g,a) < oo (see Proposition 13.71 below for the case 
c(g, a) = oo). In the statement of the theorem, || ■ || denotes the operator norm with respect to the 
metric (-, ■). 

3.2. Theorem. Suppose c(g,a) < oo. Let A,B,k e M + , and suppose (x n ,T n ) C Am x R + 
satisfies: 

sup|5 , jfc (a; n ,r n )| < A, supT n < B, ||tZ( aiB ,T B )S , fc || < -. 

n n Tl 

Then if: 

(1) 7/'liminfT n > then passing to a subsequence if necessary the sequence (x n ,T n ) is 
convergent in the W 1,2 -topology. 

(2) 7/liminf T n = and the x n are all contractible, passing to a subsequence if necessary it 
holds that Sk(x n , T n ) — > 0. 

Before proving the theorem, let us now fix some notation that we will use throughout this 
section, as well as implicitly throughout the rest of the paper. Given a sequence (x n ,T n ) C 
A M x R+, let y n : [0, T n ) -> M be defined by y n (t) := x n (t/T n ). Define: 

:= / |*n(*)| dt; 
Jo 

1 1 2 

x n (t)| (it. 



2T, 



Note that l n is the length of y n and e„ is the energy of y n . The Cauchy-Schwarz inequality implies 

(3.1) l 2 n <2T n e n . 

Suppose now c(g, a) < oo. Since \\6\\ < oo, there exist constants bi,b 2 E M + such that 

(3.2) L(q,v) >h\v\ 2 -b 2 
for all (q, v) G TM. 

Given A, B, k G IR+ and a free homotopy class v G [T, M], let ©(A, 5, jfc, v) C A M x R + 
denote the set of pairs (x, T) such that x G A^, ^(x, T) < A and T < B. 
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Proof of Theorem 13.21 

We begin with three preparatory lemmata. 

3.3. Lemma. Suppose c(g, a) < oo. Let (x n , T n ) C B>(A, B, k, v). Then if 

A + b 2 B+ \aJ 



b(A,B,u): 



it holds that 



2b x 

e n < b(A, B, v) 



for all nGN. 

Proof. We have by (TO) and (TX2l) that 



and thus 



e n < 



= A k (y n ) - a u 

> 2b l e n - b 2 T n + kT n - a u , 



A + b 2 T n - kT n + \a„\ A + b 2 B + \a h 



2b x 



26i 



□ 



3.4. LEMMA. Suppose c(g, a) < oo, and suppose (x n ) C A are such that l n — > 0. Then 
I, 



C{x n ) 



a -> 0. 



Proof. Let x n : D 2 ^ M denote a capping disc for x n , so a; ri |a £ )2 = x n and 
(as in d24]». 

Let x„ : D 2 ^ M denote a lift of cc„ to M. Then 



(T 



D 2 n 







[ KW 






Jd 2 




Jd 2 







<¥\Un 



o. 



□ 



We now reduce the first statement of Theorem 13 .21 to the following simpler situation: 

3.5. Lemma. Suppose c(g, a) < oo and (x n , T n ) e ©(A, B, k, v) with liminf T n > 0. Passing 
to a subsequence we may assume that there exists x G A u such that the x n converge to x in the 
C Q -topology. 

Proof. Firstly by compactness of M, passing to a subsequence if necessary we may assume there 
exists q E M and T e IR + such that lim^oo x n (0) = x n (l) = q and lim^ooTn = T. Consider 
^-geodesies c n : / — > M such that c n (0) = q and c n (l) = x n (0). By passing to a subsequence 
we may assume that dist 9 (x„(0), q) < 1, and thus we have \c n \ < 1. Now consider the curves 
w n : [0, T n + 2] -> M defined by 

w n {t) = c n *y n * c" 1 , 
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and z n : T — > M defined by 

(t) =w n {t/T n + 2). 

Thus z n (0) = z n (l) = q, and (z n ) C A„. 
Given < ti < t 2 < T n + 2, 



- \w n (t)\ 2 dt 



dist ff K(ti),w n (t 2 )) < jf |w n (t)|dt < >/2|*2-*i| 1/2 Qf 



By Lemma [331 we have 



i|u> n (t)| 2 di = / i|cn(t)| 2 rft + e n + / \\i^\t)^dt 

I ( ./ v/o ^ 

<1 + 6(A5,!/), 



and thus 



diStgK^),^^)) < |t 2 - t!| l/2 (1 + i/)) 



1/2 



Hence the family (w n ) is equicontinuous. The Arzela-Ascoli theorem then completes the proof. 

□ 

We will now prove Theorem 13 .21 



Proof. ( of Theorem \3.2\) 

We begin by proving the first statement of the theorem. This part of the proof is very similar 
to the proof of (SI Theorem B]. Suppose (x n ,T n ) C B(A,B,k,v) with liminf T n > 0. By 
the previous lemma, after passing to a subsequence if necessary, we may assume that (x n , T n ) 
converges in the C°-topology to some (x, T) where T > 0. 

Without loss of generality, let us assume that the limit curve x is contained in a single chart 
U (otherwise simply repeat these arguments finitely many times). Then after passing possibly to 
another subsequence, we may assume that the x n are all contained in U as well. There exists a 
constant 6 3 G M + such that in the coordinates on U, 

(3.3) o 3 := sup — < °°- 

q€U,v£T q M l + \v\ 

Write z n {t) := m-x n (t). By Lemma [3731 we can find a constant R > such that 



l^nll 2 — l^^ll 2 — 



Now since ||<i( Zn .T n )'S'A:|| -> as n -> oo, given e > there exists iV G N such that for every 
(£, ^) satisfying | (£, j < 2R and n, m > N we have 

K*„,T B )5ft(£,V') -d( am ,r m )5fc(^,V')| < £ - 
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Take£ and ip = and use (I2.5I) to discover: 



(3.4) 



JO 



H - / {-E t) (^C n , E v (x m , Z m )"^ {x n ■Kmjdt 



®x n (p*m &rri) @x m {i"ni Am)dt 



< e. 



Here we are using the canonical parallel transport available to us on Euclidean spaces to view 
in — £ m as a tangent vector in any tangent space of our choosing. Using (13.31) we can bound the 
first integral as follows: 



Jo 



X m , iVn,)} {%n ■Em)dt 



< {2Bb 3 +2b 3 b{A,B,v))\\x n -x r 



Let us write a\u in local coordinates as a = a^dq 1 A dq j , where E C°°(U, R). Then since 

\&ij( x n(t)) — <?ij(xm(t)) \ ^0 as n, Til — > oo, uniformly in t, 



and 



\Xn\ \X m 



dt ^ 2 *\^T n T m c n Cr 



is bounded, it follows that for n, m large the third integral is small. Thus the second integral must 
also be small for large n, m. Since 

|t; - vf = (E v (q, v) - E v (q', v')) ■ (v - v% 



Zn Z m \ dt ^ / {E v {x n , z n ^ E v {x m , Z m ^j j yZ n Z m )dtj 



we have 



and hence the fact that the second integral in (13.41) is small for large n, m implies that the se- 
quence (z n ), and hence the sequence (x n ), converges in the W /1,2 -topology. This completes the 
proof of the first statement of Theorem 13 .21 

We now prove the second statement of Theorem l3.2[ This part of the proof follows the proof of 
Theorem 3.8] very closely. Assume (x n , T n ) C B(A, B, k, 0) (where e [T, M] denotes the 
trivial free homotopy class) and that liminf T n = 0. Passing to a subsequence we may assume 
that T n — > 0. It suffices to show that passing to a subsequence we have e„ — > 0. Then 



Sk\%m T n ) — e n + kT n I 

Jc 



a 







C(x n ) 



by Lemma l3~4l 

We know that e n remains bounded by Lemma l3~3l Since T n — > 0, (13.11) implies that l n — > 0. 
Thus as before we may assume that all the curves x n take their image in the domain of some 
chart U on M. Thus for the remainder of the proof we work in coordinates as if M 



p dim M 
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Let £ n {t) := x n (t) - x n {0) so that ^(0) = £ n (l) = 0. Then (f n ,0) e T {xM {A r ^m x R+). 
Let also ( n (t) : = £„(t/T n ), so that ( n (t) = y n {t). Then 



1 



\d( Xn ,T n )Sk(£n,0)\ <-[T n / ( n (t) 



n 



dt 



Using (12.51) we have 

There exists 6 4 e IR + such that 



< -y/2T n e n . 
n 



E q (y n , Vn) ■ Cn + E v (Vn, Vn) ' Cn(*) f <*t 



+ / Vx n (t){£n{t),X n {t))dt. 



<Tx n (t){£,n{t),£n{t))dt 



<h I \Ut)\\in(t)\dt<b 4 l 2 n . 
Jo 



Thus using (13.31) and the fact that 



we have 



d (Xn ,T n) Sk(U 0) > -63 / (1 + \y n (t)\ 2 ) \y n (t) - y n (0)\dt + 2e n - b£ t 

Jo 

> -b 3 l n {T n + 2e n ) + 2e n - 6 4 £- 
Putting this together and dividing through by we have 



-b 3 l n ^/T^ - 2b 3 6n ' " 



J- n 



+ 2- 



/2 I 

-7= - b A -^= < -V2^- 



By (|3.1I) . we have 



thus we must have 



I 2 

lim n 



-L n. 



0, lim 



-L n. 



bounded; 



lim 



bounded, 



and this can happen if and only if e n — > 0. This completes the proof of the second statement of 
Theorem 13 .21 □ 

We now wish to study the case where c(g, a) = 00. Recall in this case Sk is only defined on 
A x M + . In order for a result similar to the above theorem to hold in the unbounded setting, we 
must restrict to a subset of A x R + . 

3.6. Definition. Suppose K C M is compact. Define Aq C A to be the set of loops x G A 
such that there exists a lift x : T — > M of x such that x(T) C K. 
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Here is the extension of Theorem 13 .21 to the case c(g, a) = oo. 

3.7. Proposition. Suppose that c(g, a) = oo. Let A,B,k G R + and take K C M compact. 
Suppose (x n ,T n ) C Aq x M + satisfy: 

sup \S k (x n ,T n )\ < A, supT n < B, \\d( Xn> T n )S k \\ < -■ 

n n Tl 

Then: 

(1) 7/'limmfT n > then passing to a subsequence if necessary the sequence (x n ,T n ) is 
convergent in the W 1 ' 2 -topology. 

(2) 7/liminf T n = 0, passing to a subsequence if necessary it holds that Sk(x n , T n ) — > 0. 

Proof. The proof proceeds exactly as before, since any primitive 9 of a is necessarily bounded 
onK. □ 

4. Supercritical energy levels: the case k > c(g, a) 

In this section we assume c(g, a) < oo, and study supercritical energies k > c(g, a). We aim 
to prove the first statement of Theorem ll.il The key fact we will use is the following result. As 
before, let (Ai, (■, •)) be a Riemannian Hilbert manifold, and let S : M. — ► R be of class C 1 . 

4.1. Proposition. Suppose S is bounded below, satisfies the Palais-Smale condition and for 
every A e IR + the set {x G Ai : S(x) < A} is complete. Then S has a global minimum. 

A proof may be found in [8, Corollary 23]. Fix a non-trivial free homotopy class v G [T, M\. 
The aim of this section is to verify that for k > c(g, a), the functional S k on the Hilbert mani- 
fold A u x M + satisfies the hypotheses of Proposition 14.11 For then the global minimum whose 
existence Theorem 14. II guarantees is our desired closed orbit of energy k. 

The first step then is the following lemma, whose proof only requires k > c(g, a), and works 
for any free homotopy class v G [T, M\. 

4.2. Lemma. Let k > c(g, a). Then Sa ; |a i ,xr+ is bounded below. 

Proof. The argument begins by replicating an argument seen earlier in Section [2] Fix a free 
homotopy class v G [T, M) (which could be the trivial free homotopy class). Let (x,T) G 
A u x M + , and let x s denote a free homotopy from x = x to x± = x v . Let z(s) := x s (0). 
Lift x s to a homotopy x s in M with xi(t) = x v (t), and let x(t) := x (t), z (s) = x s (0) and 
Zx(s) = x s (l). 

Now observe that if R C M denotes the rectangle R = imx s then we have 



a = a 



d6= 0= 9. 

'c(x) Jr Jr JdR J xxz^x' 1 *z~ 1 

Suppose cp G 7Ti(M) denotes the unique covering transformation taking z to z\. Since (cp) < 
n\(M) is an amenable subgroup, [18, Lemma 5.3] allows us to assume that without loss of 
generality, 9 is (/^-invariant. Thus 

9+ f 9 = 0. 



i 





21 



CLOSED ORBITS OF A CHARGE IN A WEAKLY EXACT MAGNETIC FIELD 15 

It thus follows that 



(4.1) / a= 9+ 9. 

JC(x) Jx Jx' 1 

Let x n := ip n x, and use similar notations for z n and x v ^ n . Let y n := x n (t/T), so y n : [0, T] 
M. Then for any nGNwe can consider the closed loop u n : [0, T n ] — > M defined by 

U n = Vo * Vl * • • • * Vn * Z n+l * X~^ n * ■ ■ ■ * X~^* X~ l * Z Q l , 

where 

T n := (n + l)T + l + (n + l) + l. 

We have 

A k {u n ) = (n + 1) ~ |^(t)| 2 d* + jf 1 ~ (i; 1 ! 2 dt - J e- J_j^ 

+ / -|l!(t)| 2 dt+ / -^(^ftft + fcZV 
JO ^ JO 

Now if k > c(g, o) then by definition of c(g, a) we have Ak(u n ) > 0. We thus obtain 

r 1 '-' 2 ^ 1 1 ~— 1 1 2 a+ fa fa, kTn 



0< / -\y {t)\ dt+ / -\xZ L \ dt- 9- 9 + 



o 2 Jo 2 Jy Jx- 1 n + 1 



Letting n — > oo and substituting for the terms with y we obtain 

(4.2) / 2_|i(t)| 2 dt+ / Iji;!) 2 ^- /" 0- av + k(T+l) > 0. 

JO ^ J JO ^ ix 



Now 

• 1 x 



a 

C(x) 



S k (x,T) = J^ ^\ x (t)\ 2 dt + kT~ jf 

= J ^f\x(t)\ 2 dt + kT-J_9-a 



and hence by (l4~TT) and (|4~2T) . 



that is, 



S,(.r. T) 4 / - |l,(t)| 2 dt + fc > 0, 



f 1 1 2 

Sk(x,T)>— -z\£u(t)\ dt — k> -oo, 
Jo ^ 



which completes the proof. □ 
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Let us set 

ifc,„ := inf S k (x,T), 
so that the lemma tells us i^. v > — oo for k > c(g, a). 

The next lemma implies that {iS&|a 1 ,xr+ < ^4} is complete for any A > 0. 

4.3. Lemma. Suppose c(g, a) < oo. Lef z/ G [T, M] be a non-trivial free homotopy class and 
A G M + . There exists T = T (A, k, v) G M + such that if(x, T) G D(^4, oo, k, v) then T > T . 

Proof. Let x denote an admissable lift of x and let y : [0, T] — > M be the curve t i— > x(t/T). 
Using (12.71) and (13.21) we compute that 

A> 5 fc (x,T) 
= A fe (y) + 

b f 1 2 

> 7^ / |x| dt - (k - b 2 )T + a v 

1 Jo 

> - {k - b 2 )T + a„, 

where 

T Z" 1 

|x(i)| : x G A l 



i(iz) :=inf{^ 



Since M is closed and v is a non-trivial free homotopy class, we have \{y) > 0, which implies 
the thesis of the lemma. □ 

Proof of the first statement of Theorem ll.il 

Take k > c(g, a), and fix is a non-trivial free homotopy class v G [T, M\. Let (x n , T n ) C 
D(v4, oo, k, v) . We want to show that (x n , T n ) admits a convergent subsequence in the W 1,2 - 
topology. In view of Theorem l3.2[ it suffices to show that there exists B > such that ©(A, £>, k, v) 
and that lim inf T n > 0. 

4.4. Lemma. 77ze sequence (T n ) is bounded above and bounded away from zero. 

Proof. First we claim that (T n ) is bounded. Indeed, if c = c(g, a), 

A > Sk(x n , Tn) 

= S c (x n , T n ) + (k — c)T n 
^ ic,v ~\~ (k c)T n , 

and thus (T n ) is bounded, say T n < B for all n, where B G M + . Passing to a subsequence we 
may assume that if T := lim inf T n then T n — > T. It remains to check T > 0. From (|3.1I) and 
Lemma [3~3l if T = then /„ — > 0. But this is a contradiction as l n > l(v) > (see the proof of 
the previous lemma). □ 
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5. SUBCRITICAL ENERGY LEVELS: THE CASE k < c(g,a) 

In this section we drop the assumption that c(g, a) < oo, and study subcritical energies k < 
c(g,a). 

Mountain pass geometry. 

As before, let (Ai, (■,■)) be a Riemannian Hilbert manifold and S : Ai — ► R a function of 
class C 2 . Let $ s denote the (local) flow of -VS. Define a : Ai — > R + U {00} by 

:= sup{r > : s 1— > $ s (x) is defined on [0,r]}. 

An admissible time is a differentiable function r : .M — > R such that 

< r(x) < for all x E Ai. 

Let T denote a family of subsets of Ai, and define 

u := inf sup S(x). 

Suppose that |i £ I, We say that T is S -forward invariant if the following holds: if r is an 
admissible time such that r(x) = if S(x) < fi — 5 for some 5 > then for all F E T the set 

F T := {$r(x)(a;) : x E F) 

is also a member of T . 

For convenience, given a subset V C M. and a G R, let 

K ay ^critsns-^^nv 

denote the set of critical points of S in V at the level a. 

Our main tool will be the following mountain pass theorem, whose statement is similar to that 
of Proposition 6.3]. In what follows, a strict local minimizer of a function S : Ai — > R is 
a point x E Ai such that there exists a neighborhood M of x such that S(y) > S(x) for all 
y E Af\{x}. 

5.1. Theorem. Let Ai be a Riemannian Hilbert manifold and S : Ai — > R a function of class 
C 2 . Suppose we are given a sequence (J 7 n ) of families of subsets of Ai with T n C jF„ +1 /or a// 
n G N. Set '■= {Jn^n- Set 

/ioo := inf sup S(x). 

Suppose in addition that: 

(1) JFqo m S -forward invariant, and the sets F E are connected; 

(2) /ioo e R; 

(3) the flow $ s of—VS is relatively complete on {/ioo — *7 < S < /ioo + r]} for some r\ > 0; 

(4) ?/iere are closed subsets (Uh) of Ai such that for all e > 0, there exists n(e) E N such 
that for all n > n(e) there exists F E Tn and < £j.(n) < e such that 

F C {S < /io= - £i(«)} U (ZY n n {S < ^ + e}) ; 
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(5) there are closed subsets (V n ) and a sequence (r n ) C R + smc/i ?/W 
i3 rn (W„) := {x G M : dist(x,W n ) < r„} C V„, 
anJ such that S\y n satisfies the Palais-Smale condition at the level /ioo- 

Then if 

Voo ■= |J Vn 



n j 

nSN 



S has a critical point x G Voo with S(x) = /ioo, that is, 
Moreover if 

(5.1) sup inf S'(x) < /ioo 

?/zen ?/zere w a point in K^y^ which is not a strict local minimizer of S. 

The proof is an easy application of the following result, which can be found as [5, Lemma 
6.2]. 

5.2. Lemma. Let M. be a Riemannian Hilbert manifold and U C V C M. closed subsets such 
that B r (U) C V for some r > 0. Le? S : .M — > R be a C 2 function, and let ji el be swc/z ?/W 
5|v satisfies the Palais-Smale condition at the level \i. Suppose in addition that the flow $ s of 
— VS zs relatively complete on {\S — p\ < r]} for some r\ > 0. 

TTzen |f jV z'5 any neighborhood ofK^y relative to V, for any A > there exists < e < 5 < A 
swc/j that for any < e± < e there exists an admissible time r such that 



and such that if 
then 



t(x) — for all x G {|S - £t| > 5}, 
F:={5<|i- £l }U(Wn{S<|i + e}) 
F T CNU{S <n-ex}. 



Proof. (ofTheorem \5.1\) 

We will show that K^y n 7^ for n large enough. Fix 0<£<5<A:=lasin the 
statement of Lemma I5T21 By hypothesis there exists n(e) G N such that for all n > n(e) there 
exists < £\{n) < e and F G T n such that 

F C {5 < /i^ - £i(n)} U (ZY n n {5 < /ioo + e}) . 

For such n, -K" Moo ,y n 7^ 0- Indeed, if K fJ , ao y n = 0, by Lemma [531 there exists an admissible time 
r such that r = on {S < /ioo — 5}, and such that F T satisfies 

F T C{5</ioo-£i(n)} 

(for we may take A/" = in the statement of Lemma 15.21) . Since is forward invariant, 
F T G JFoo. This contradicts the definition of /ioo- 
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To prove the last statement, suppose that K^y^ consists entirely of strict local minimizers, 
and (15.11) holds. Choose A > such that 

sup inf S(x) < fioo — 2A . 

For each x G K^y^, let N(x) denote a neighborhood of x such that S(y) > S(x) for all 
y G N(x)\{x}, and let 

Ao := |J N{x) 

and N n := No fl V n for each n G N. Let < e < 5 < A be given by Lemma I5T21 for No. 
By hypothesis there exists n(e) G N such that for all n > n(e) there exists < S\(n) < e and 
F G J- n such that 

i 71 C {S < /ioo - e x {n)} U (ZY n n {5 < ^ + e}) . 

By Lemma 1531 there exists an admissible time r such that r = on {S < ji^ — 5} and such 
that 

F T C A/; U {5 < /ioo - ei(n)} CjV U{S<|i m - £ X (n)}. 

By definition of No, the sets No and {5 < /i^ — £i(n)} are disjoint, so Ao U {5 < //oo — £i(n)} 
is disconnected. Since F T is connected by hypothesis, we either have F T C Ao and F r fl {S 1 < 
Hoo — ^i(^)} = 0> or F T C {S < /i^ — The former fails since £i(n) < £ < A , and 

the value of S 1 decreases under $ s , and the latter contradicts the definition of /ioo- The proof is 
complete. □ 

Proof of the second statement of Theorem ll.il 

The main tool we will use in the proof of the second statement of Theorem 1 1 . 1 1 will be Theorem 
15.11 The first step however is the following result, whose statement and proof closely parallel [|5l 
Proposition C]. 

5.3. PROPOSITION. Let k G IR + . Then there exists a constant fio > such that if f : I —* 
A x R + is any path such that, writing /(O) = (x , T ) and /(l) = (x\, T x ), it holds that: 

(1) S k (x ,T ) <0; 

(2) xi is the constant curve X\(t) = x (0); 
then 

sup S k (f(s)) > fi > 0. 

Remark. It is important to note that the constant /i does not depend on T\. 

We shall need the following lemma, taken from [5, Lemma 5.1], in the proof of Proposition 
15.31 As before, in the statement of the lemma, l{x) := J \x(t) \ dt. 

5.4. Lemma. Let 9 G Q 1 (M). Given any q G M and any open neighborhood V C M of q, there 
exists an open neighborhood WOVofq and a constant j3 > such that for any closed curve 
x : [0, 1] — > W it holds that 



< f3l{x) 
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Proof. ( of Proposition LOP 

Fix a point q G M, and choose a neighborhood W C M of g small enough such that the 
conclusion of the lemma above holds. Pick p G R + such that 



< p < min <( ^diam W, y — 

Write f(s) = (x s ,T s ), so x s G A for all s. We claim that there exists s G (0, 1) such that 
l(x so ) = p. Since the functional s i— ► /(a; s ) is continuous and /(a; ) = it suffices to show that 
there exists s 1 G [0, 1) such that > p. 

If there exists si G [0,1) such that x Sl (I) ^ W then we are done, since then 

l(x Sl ) > dist(g, iy c ) > idiamW 7 > p. 

The other possibility is that x s (I) C W for all s G I. In this case we claim that we may take 
si = 0, that is, l(x ) > p. By assumption if y (t) = xo(t/T ) we have 



> S k (x ,T ) 



2T n 



|±o(t)| 2 dt + kT 



a 



C(x ) 



■t'n 



(5.2) 



11 o 



where the second inequality came from (|3.1I) and the third from the previous lemma. From this 
it follows that T > and thus 



l{x f > 



kT n 



0- — 

r 2T 



> 



2p 



>p\ 



and we are done as before. 

We now claim that Sk(f(so)) > 0, which will complete the proof. Since x So G C^(q, q) and 
/(x so ) < |diam W, we have x so (/) C W. In particular, (15.21) holds for x so and so we have 

' + kT S0 = P(T S0 ) > min P(t), 



S k (f(s )) > 



2T< 



*(1 



where 



P(t):=[--P)p 2 + kt. 



It is elementary to see that 



and this completes the proof. 



□ 



The next lemma will be needed in order to prove relative completeness of the flow of — VS^ 
on any interval not containing zero. 
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5.5. Lemma. There exists a constant C > such that for any (xo,T ) G Am X IR + and any 
r > 0, if(xi, Xi) G Am x IR + satisfies 

dist((x ,r ),(x 1 ,T 1 )) < r, 
lTo-711 <r 

and 

dist HD (x , xi) < Cr. 

This result is essentially proved in [0 Lemma 2.3]; there a different metric is used on A M x 
R + which means an additional condition must be imposed in the statement of the lemma. In 
our situation, since we are working with the standard metric (12.11) on Am x IR + this additional 
condition is not needed, and the proof in [5|| goes through without any changes. 

5.6. Corollary. Let K C M and B > 0. Let 

U := {(x,T) eAfxR + : T < B) . 
Let C be as in the statement ofLemma \5.5\ Then if L C M satisfies 

jg G M : distg(g, g') < Cr for some q G iTj C L 

and we set 

V := {(x,T) G Aq x M + : T < £? + r} 
B r (W) C V. 

ZVoo/ Suppose (xi, T x ) G B r (U). Then there exists (x , T ) G W with 

dist((x ,T ),(xi,T 1 )) < r. 

By the previous lemma, 

dist H D(xo, %i) < Cr 

and \T — Ti\ < r. Thus (x 1 ,T l ) G V. □ 

Next, we prove relative completeness of the flow of — VSfc on any interval that doesn't contain 
zero. This proof is very similar to [5, Lemma 6.9]. 

5.7. Lemma. For all k G M + , if [a, b] CI is an interval such that ^ [a, b] then the local flow 
of—VSk is relatively complete on (A x R + ) D {a < < b}. 

Proof Let $ s : A M xl + ^ A M x M + denote the local flow of the vector field —VS k . Then for 
any (x,T) G A M x M + , 

5 fc ($ si (a;,r)) - S k ($ S2 (x,T)) = H \VS k (<t> s (x, T))| 2 ds. 

J S\ 
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By Cauchy-Schwarz inequality we see that 



2 



dist($ Sl (x,T),$ S2 (x,T)) 2 < QH \VS k ($ a (x,T))\ds 

<\si-s 2 \ I 2 \VS k ($ s (x,T))\ 2 ds, 

Js! 

and hence 

(5.3) dist($ Sl (x,T),$ S2 (x,T)) 2 < \ Sl -s 2 \\S k ($ sl (x,T))-S k (® S2 (x,T))\. 

Now suppose we are given a pair (x, T) E A x R + , such that there exists a, b E M with ^ [a, b] 
and 

a < ^("M^, T)) < b for all s such that T) is defined. 

Let [0, a) be the maximum interval of definition of s h- > $ s (x, T), where a G (0, oo]. To 
complete the proof we need to show a = oo. Suppose to the contrary. 

Write $ s (x, T) = (x s ,T s ). If s n 1 a then ($ Sn (x, T)) =: (x n ,T n ) is a Cauchy sequence by 
(1531) in (A x M + ) n {a < S*. < b}. Thus T a := lim sTct T s exists and is finite. 

If T a > then since the sequence (x n , T n ) is Cauchy, 

(xq,, 7/^) . lim (x n , T^) 

exists and is equal to $ Q (x, T). Since 6\ is C 2 we can extend the solution s i— > $ s (x, T) at 
s = a, contradicting the definition of a. Thus T a = 0. Hence there exists a sequence s m ] a 
such that 

d m 

— T s < 0. 

as 

As before write x m := x Sm and T m := T Sm . By (|5.3I) and Lemma [531 we may assume there exists 
a compact set K C M such that (x m , T m ) C Aj^ x ]R + for all ra. If y m (t) := x m (t/T m ) then 

d 

> — T m 

as 

grp Sfc {X m , X^j J 



1 



+ 2E(y m ,y m )}dt 



1e 

-J- m. 



where the penultimate equality used (12.61) . Since lim m ^oo T m = 0, this forces linv^oo e m = 0. 
As in the proof of the second part of Theorem 13 .2[ this implies S k (x m , T m ) — > 0, contradicting 
the fact that ^ [a, 6]. This implies that we must have originally had a — oo, and so completes 
the proof. □ 

We now move towards proving the second statement of Theorem 11.11 In fact, we will prove 
the following stronger result, which is based on J51 Proposition 7.1]. 
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5.8. Proposition. Let c = c(g,a) E R U {oo}. For almost all k E (0,c) there exists a 
contractible closed orbit of <pt with energy k. Moreover this orbit has positive Sk-action, and is 
not a strict local minimizer of Sk on Aq x R + . This holds for a specific k E (0, c) if Sk is known 
to satisfy the Palais-Smale condition on the level k. 

Proof Fix k E R + . There exists (x , T ) G A x R + such that S ko (x , T ) < 0. Indeed, there 
exists a closed curve y : [0, T ] — > M such that Afc (y) < 0- Then the projection y : [0, T ] — > M 
of y to M is a closed curve, and if x (t) := y(tT ) then (xo, T ) 6 A x 1 + and Sko(xo, T ) = 
^4fco(^) < 0- There exists e > such that for all G J := [fc , &o + e] we have Sk(x , T ) < 0. 

Let xi denote the constant loop at xo(0). Given k E J, let //o(&) > be the constant given by 
Proposition[53]such that any path / G C°(I, A x R + ) with /(0) = (ac , T ) and /(l) = (m, T) 
for some T > satisfies 

supS' fc (/(s)) > no(k). 
sei 

Choose Ti > such that 

// (/c) 



Then 
Set 



Ti < inf . 

feeJ fc 

max{S'fc(a;o, T ), Sk(x\, Ti)} = fcTi < //o(&) for all k E J. 



r := {/ G C7°(J,A x E+) : /(0) = (x ,T ),/(l) = (x 1; Ti)} . 
Let (if„) C M denote compact sets such that K n C and \J n K n = M. Let 

r n : = rnc°(7,Af n x r+). 

Define for k E J, 

//„(&) := inf sup ( S , fc (/(s)); 
/iooW := inf sup5' fe (/(s)). 

Then /i n (k) > fj, n+ i(k) > Hoo(k) > fio(k) for all n E N and k E J, and the functions // n : 
J — > K converge pointwise to //oo. Moreover both // n and //oo are non-decreasing. Since /too is 
non-decreasing, by Lebesgue's theorem there exists a subset J ^ (&o, + e) with J\ Jo having 
measure zero such that /ioo|j is locally Lipschitz. In other words, for all j E Jo there exist 
constants M(j) > and 6(j) > such that for all \6\ < S(j) it holds that 

\^ 00 {j + S)- t x 00 {j)\<M(j)\S\. 

Fix j E Jo and a sequence (j m ) C J with j m J, j. Let /„ m G r„ be paths such that 

ma ? S j m (fn,m(s)) < H n {j m ) + (jm ~ j) ■ 

sei 

Next, define 

U n := {(x,T) G A^" x R + : T < M(j) + 2} . 
Choose another collection (L n ) CM of compact sets such that K n C L n , and such that if 

V n := {(x,T) G A£" x R+ : T < M(j) + 3} , 



24 WILL J. MERRY 

then Bi(U n ) C V n . Such a collection (L n ) exists by Corollary 15.61 Since /ioo(j) 7^ 0, from 
Proposition [377] it follows that Sj\v n satisfies the Palais-Smale condition at the level /Uoo(j) for all 
nGN. 

Since k 1— > Sk(x, T) is increasing, 
(5.4) maxSj(f njm (s)) < max S jm (fn 7m (s)) < /i„(j m ) + (j m - j). 

If s G I is such that 

Sj(fn,m(s)) > Hoo(j) ~ (jm ~ j), 

writing f n , m (s) =: (x"' m ,T"' m ) we have: 



r; 



_ Sjm(fn,m(s)) Sj (fn,m( s ) ) 



< /ioo(jm) ~/in(j) 2 

Jm J 

^ f^QoUm) f^co(j) 2 

Jm J 

< M(j) + 2, 

for n large enough. 

Given e > 0, first choose m large enough such that 

e 

Jm~ J < 



2(M(j) + l)' 
and then select n large enough so that 

l^n(jm) /^oo(jm) *^ £/2. 

Then 

A*n(jm) - /Uoo(j) + (jm - j) = {/Wn(jm) ~ /Uoo(jm)} + {/Uoo(jm) ~ )"oo(j)} + (jm ~ j) 

<£/2 + M(j)(j m -j) + (jm-j) 

< e. 

Then by (15741) . 

hU 1 ) ^ {^ < /ioo(j) - (jm - j)} n (Z4 n {S 1 , < ^(j) + e}) . 

Since /ioo(j) 7^ 0, by Lemma lSTTl the gradient flow of — Sj is relatively complete on {fJ>oo{j)—V < 
Sj < ^oo(j) + ??} for some 77 > 0. Theorem [57TI then gives a critical point for Sj|a xir+ which is 
not a strict local minimizer (we are applying Theorem [571] with F n '■= {/(-0 : / £ r n }). 

Finally, suppose that k < c(g, 0) < 00 is such that S/. satisfies the Palais-Smale condition. In 
this case the theorem is immediate from Lemma [5771 and Theorem 15. 1[ Indeed, by Lemma [5771 
we may simply take lA n = V n = Voo = A x IR + , as then the hypotheses of Theorem 15. II are 
trivially satisfied. This completes the proof of Theorem ll.il □ 
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